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(crumpled) polymer globules was investigated in detail. It was found that the relaxation dynamics of an anisotropic fractal globule
is very similar to the behavior of biological molecular machines like motor proteins. When it is perturbed, the system quickly re-
laxes to a low-dimensional manifold, M, with a large basin of attraction and then slowly approaches equilibrium, not escaping M.
Taking these properties into account, it is suggested that fractal globules, even those made by synthetic polymers, are artificial
molecular machines that can transform perturbations into directed quasimechanical motion along a defined path.INTRODUCTIONThe notion of a molecular machine (MM) is commonly
attributed to a nanoscale molecular structure that can effec-
tively convert chemical and/or thermal energy into directed
quasimechanical motion. Molecular machines perform
basic life functions, assembling biomolecules, moving sub-
cellular components, realizing molecular recognition, etc.
Investigation of biological MMs is one of the major topics
of modern biophysics and molecular biology. Designing
these MMs is also of high priority, motivated by theoretical
challenges and the exciting prospects of algorithmic chem-
istry for industrial applications. In addition, this subject ad-
dresses the problem of overcoming the complexity threshold
in prebiology, meaning that even oversimplified replication
machinery is hopelessly complicated for its spontaneous
appearance in abiogenic conditions (see, for example, Eigen
et al. (1), Avetisov et al. (2), Koonin (3), and Nowak and
Ohtsuki (4)). So far, one open question regarding the origin
of life is, what would be the primary MMs capable of
creating the preconditions for the appearance of self-repli-
cating systems (5–7)?
Although immense progress has been achieved in the
study of biological MMs, the principles of their functioning
are still debatable, the debate being focused mainly on recti-
fied thermal motion, pioneered by Huxley (8), and Feyn-
mann’s Brownian, or thermal, ratchet (9) (for the current
state of progress, see Vologodskii (10) and Chowdhury
(11); for earlier ideas, see, for example Blumenfeld (12)
and Blumenfeld and Grosberg (13). These concepts essen-
tially differ in their assessment of the roles played by the
protein energy landscape and thermal motions in MM oper-Submitted April 22, 2014, and accepted for publication October 14, 2014.
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of MMs to convert perturbations of fast degrees of freedom
into slow motion along a low-dimensional path.
Recent studies of elastic networks of motor proteins
strongly support the above viewpoint on the generic charac-
teristics of MMs (14,15). Since the elastic network consti-
tutes the basic tool in our studies of relaxation dynamics,
it seems desirable to provide a brief outline of this model
(for an early work on elastic networks, see Hansen et al.
(16)). In terms of an elastic network model, a molecular
structure is represented by spatial positions of a set of nodes
i ¼ 1;.;M and undirected links between these nodes, en-
coded in an adjacency matrix, A, with the elements
aij ¼ 1 if there is a link between i and j, and aij ¼ 0 other-
wise. Linked nodes are assumed to experience the action
of elastic forces that obey Hooke’s law. In the over-damped
limit, the velocity of each node is proportional to the sum of
elastic forces along the links; hence, the relaxation of the







Ri  Rj Rð0Þi  Rð0Þj ; (1)
where RihRiðtÞ is the current position of an ith node, Rð0Þi is its equilibrated position, and uij ¼ ðRi  RjÞ= Ri  Rj
specifies the direction of relative displacements of nodes i
and j. For small deviations, ri, from the equilibrated posi-
tions, R
ð0Þ
i , the nonlinear Eq. 1 can be approximated by







In Eq. 2, the strain tensors, Lij, are the building blocks of
a 3N  3N linearization matrix, L. Thus, at smallhttp://dx.doi.org/10.1016/j.bpj.2014.10.019
2362 Avetisov et al.perturbations, the relaxation is specified by the sum of inde-
pendent normal modes of the over-damped elastic network,
riðtÞ ¼
P3M
k¼1rikð0Þelk tek, where lk>0 and ek are the eigen-
values and eigenvectors of matrix L. For strong perturba-
tions, the relaxation is described by the nonlinear Eq. 1.
The dynamics of MMs became transparent by inspection
of classical motor proteins, such as myosin and ATPase (14).
Two principal features of elastic networks of motor proteins
have been discovered: 1), a large spectral gap separating the
few (typically, one or two) slowest (soft) relaxation modes
from the rest of the spectrum, which consists of many fast
(rigid) relaxation modes; and 2), a low-dimensional mani-
fold, M, with a large basin of attraction, on which the action
of a machine is performed. These two properties have clear
physical meaning: the presence of one (or a few) detached
mode (modes) is the signature of the possibility for slow
large-scale motion on scales comparable to the network
size, whereas the existence of the low-dimensional attract-
ing manifold, M, spanned by this (these) detached mode
(modes) means that the slow dynamics are representative,
i.e., are reproducible for various perturbations.
One may think that a large spectral gap and a single basin
of attraction are related to spontaneous protein folding,
which is, essentially, the problem of the coil-to-globule tran-
sition of a heteropolymer chain with quenched primary
structure. Indeed, the folding problem, formulated in terms
of the standard Lifshitz-de Gennes theory of the coil-to-
globule phase transition (17–19), has two formally similar
aspects: 1), the possibility to produce a globular (collapsed)
state, which is characterized by a spectral gap (so-called
ground-state dominance), and 2), the uniqueness of folding
for different primary structures, which can be interpreted as
a basin of attraction in the space of sequences. However, the
ground-state dominance and the uniqueness of folding have
no direct relation to the elastic network dynamics. The gap
in the relaxation spectrum signals the existence of large-
scale slow motion, whereas the low-dimensional attracting
basin means that this motion is reproducible for different
structural perturbations, i.e., it is repetitive for the structure.
It is worth noting that the model presented by Eq. 1 has no
thermal randomization, and its application to proteins may
seem inconsistent with the above concepts of rectified ther-
mal motion and thermal ratchet. It should be noted, however,
that the elastic networks of MMs fall into a class of rigid
dynamical systems whose behavior is determined by well-
defined attractors in the phase space. Indeed, the randomness
(the thermal noise) added toEq. 1 does not change the generic
characteristics of the MM’s elastic network (15). Being per-
turbed, such a network again quickly reaches a low-dimen-
sional attracting manifold, M, and then relaxes on M,
performing the effectivework. This behavior alone is respon-
sible for the ability of MMs to convert energy and/or thermal
motion into quasimechanical action.
In this work, we discuss the over-damped dynamics of
elastic networks of the so-called crumpled (or fractal) poly-Biophysical Journal 107(10) 2361–2368mer globules (20) obtained by collapsing rather short poly-
mer chains. It is generally known that at high temperature,
i.e., in a good solvent, a polymer of N segments, each of
length a, is a strongly fluctuating coil without a well-defined
thermodynamic state. At temperatures below the q -temper-
ature (i.e., in a poor solvent), a polymer chain collapses into
a weakly fluctuating, droplike globule of size Rgl  aN1=3
(17,18). In the ordinary globule, where the topological con-
straints are not taken into account, all subchains of length
l ¼ as, for sRN2=3, appear as mutually entangled Gaussian
coils, since the volume interactions are screened in the melt
(19). However, in the presence of topological constraints, as
in the case of an unknotted polymer ring, the globular state
is essentially different. When knotting is not allowed, one
creates favorable conditions for formation of the crumpled
(or fractal) globule (FG) with self-similar hierarchically
folded crumples, unknotted on almost all scales (for original
idea, see Grosberg et al. (20); recent extensive numeric in-
vestigations are summarized at http://lanl.arxiv.org/abs/
1404.0763). The collapse of a polymer into an FG state
may be elucidated by the following imaginative hierarchical
process. At the initial stages, there exists a certain length,
g xNe=ða6r2Þ (where Ne is the well-known parameter of
the reptation model (21) and r is the globule density),
such that the chain parts of the order of g collapse, consti-
tuting the ground-level (0-level) folds. Then, the chain
segments, containing several consecutive ground folds,
collapse in their own volume, forming the first-level folds;
they in turn form the second-level folds, etc., up to forma-
tion of the largest fold. As a result, the globular state proves
to be unknotted on all scales.
The recent surge of interest in the FG state has been
launched by experimental work (22–25) showing that the
compact conformation of a DNA in the human genome
shares statistical properties with FGs (see Grosberg et al.
(26)). In this work, we are interested in the dynamics of
FGs formed by chains of a few hundred units, much shorter
than a typical DNA chain length. Here we demonstrate that
despite the obvious structural differences between FGs and
protein MMs, their dynamic behavior is similar, allowing us
to suggest that FGs are the prototypes of artificial MMs.METHODS
Computer simulation of a single linear polymer chain crumpling has been
realized using the Metropolis Monte Carlo algorithm on the coarse-grained
beads- spring model (27,28). The collapse of relatively short chains of a few
hundred units was simulated in a large box with periodic boundary condi-
tions. The harmonic potential, acting between the beads, was used to model
the covalent interactions, and the Morse potential was chosen to describe
the volume interactions. The maximal bond length did not exceed 1.0 in
dimensionless units, and this was considered a normalization for all dis-
tances. The minimal bond length was 0.4, so that the bond length potential
is zero at 0.7. The spring constant of the bond length potential was equal to
10 kBT. Parameters of the Morse potential were chosen in such a way that
its minimum is 1 kBT at distance r ¼ 0:8 between two beads, and it is
almost zero at distance r ¼ 1.
FIGURE 1 (a) Pincers-like FG obtained by collapsing under the action of
the clustering potential. The chain length is equal to N ¼ 202 units. Two
large crumples, each composed of two smaller ones, are highlighted in
different colors (for more details on the hierarchy of crumples, see the
text). (b) Elastic network of the pincers-like FG constructed by the contact
map of 32 units distributed along the chain. To see this figure in color, go
online.
Fractal Globules As Molecular Machines 2363In addition to the covalent and volume interactions between the beads,
two types of auxiliary potentials were applied to prevent the coalescence
of intermediate folds during chain collapse (see, for example, Ostrovsky
and Bar-Yam (29) and Abrams et al. (30)). In the first scenario, we created
a hierarchy of energy constraints to ensure clustering of beads and force the
formation of multiscale crumples in a polymer globule. The ultrametric
(block-hierarchical) form of the clustering potential was introduced after
theoretical consideration of the stability of a hierarchy of crumples in the
FG state (see Appendix A). In our simulations, the polymer chains con-
sisted of N ¼ 202 monomeric units (beads), among which M ¼ 32
randomly distributed units were selected as specific beads for hierarchical
clustering, and the square-well potential, Ug, for attractive interaction be-





Ugðr;gÞ ¼ 0; r>rg
;
where g is the interaction constant and rg is the cutoff radius
(g ¼ 100 kBT; rg ¼ 1 in our simulations). The action of hierarchical clus-
tering potential Ug on the chain collapse was controlled by the level of hi-
erarchy, g ¼ 1; 2;.;gmax. Specifically, if the distance between certain
beads, which did not yet belong to any cluster, was < rg, the beads formed
first-level clusters with probability  expfU1=kBTg. At the next level,
gR2, the formation of clusters became possible (with probability
 expfUg=kBTg ) if and only if the clusters of the underlying level,
g 1, were close to each other. The spatial distance between two clusters
was specified as the smallest distance between any two beads belonging to
different clusters, and the clustering cutoff radius was equal to rg. Thus, the
cluster of level g cannot be destroyed if it is a part of a cluster of higher
level g þ 1. The hierarchy of energy constraints that stabilizes a hierarchy
of folds was chosen as Ug  g1, however, its particular functional form is
not crucial for the favoring of folds.
After the chains are collapsed and FG samples are equilibrated at some
temperature below the q -point, their elastic networks are constructed using
the contact map of the final conformations: for each FG sample,M specific
beads of the chain become the network nodes, and elastic links are put be-
tween any two nodes if the distance between them does not exceed the
network cutoff radius Rnet ¼ 3.
Although the clustering potential has no apparent physical interpretation
and only imitates a hierarchy of energy constraints necessary for hierarchi-
cal chain crumpling, it is believable that such an idea may be realized, in
practice, for heteropolymers (block-copolymers) with peculiar primary
structures.
The second scenario of hierarchical crumpling was implemented with the
external compressing potential, Uext, in the form of a linear funnel. Such a
potential is used to avoid merging of intermediate folds and to collapse a
chain faster than the intermediate folds merge. In our simulations, each
monomer was subjected to the action of an isotropic external field,
UextðriÞ ¼ kri, where ri is the distance of the ith monomer from the center
of mass of a chain. Initially, a homopolymer is placed in a good solvent and
the coil-to-globule transition occurs due to the compressing field acting dur-
ing a time ts  N2. This is the Rouse timescale (see Lifshitz et al. (17) for
theoretical estimations), seen also in experimental studies of kinetics of
collapse of polystyrene in cyclohexane (31), which show, unambiguously,
that ts  N2 for the fast stage of a collapse during which the chain gyration
radius, Rg, is stabilized at Rg  N1=3. FG conformations exist when a
generic relationship between parameters N and k (see Appendix B) is ful-
filled. After time ts  N2, the compressing field is switched off, the chain
conformation is immediately frozen, and an elastic network with the link
cutoff radius Rnet is constructed using the contact map ofM%N=2 -specific
beads uniformly chosen along a chain. Then, the relaxation of the designed
elastic network is studied. The FG samples shown in Fig. 3 are obtained at
parameter values N ¼ 400; k ¼ 0:5; M ¼ 64; and Rnet ¼ 3. The nonequi-
librium character of such a fast collapse should be emphasized.For comparison, the knotted globular conformations were simulated by
collapsing the same chains below the q -point without additional auxiliary
potentials, i.e., without a clustering potential or compressing field, and with
subsequent equilibration of the obtained conformations. In our simulations
of the ordinary globules, as well as in simulations of the FG samples after
the first scenario (i.e., using the clustering potential), the equilibration was
controlled both by checking the variations of the mean values of energy and
gyration radius, as well as by the fact that the mean-squared displacement
from the center of mass of the chain after the total simulation time was of
the order of the squared gyration radius.
To plot the dynamic trajectories, a particular triangle of nodes was spec-
ified in the elastic network using the procedure described in Togashi and
Mikhailov (14). First, by computing the eigenvectors and eigenvalues of
the linearization matrix L (see Eq. 2), we extracted eigenvectors e1 and
e2, which correspond to the two slowest relaxation modes of the elastic
network. Then, network nodes A, B, and C were found by the condition
that the changes in triangle sides AB and AC along the slowest degrees
of freedom, e1 and e2, are maximal over all pairs of nodes.RESULTS AND DISCUSSION
We have studied the relaxation characteristics of a variety of
elastic networks corresponding to FG samples. Each sample
was obtained by collapsing a relatively short polymer chain
using the simulation scenarios described above. Despite the
fact that none of the FG samples tested has any structural
motifs, such as a -helixes or b -sheets, the relaxation char-
acteristics of many of them are very similar to those of pro-
tein MMs. An FG sample of pincers-like shape, obtained by
collapsing a chain in the clustering potential, and its elastic
network are shown in Fig. 1. The chain is painted in gray-
scale (different colors) to emphasize the origin of crumpled
packing: the segments close to each other along a path are
also close to each other in space. The FG sample shown con-
sists of five levels of crumples unknotted on all scales: each
of the two largest crumples is composed of two smaller un-
knotted crumples, each of which is composed of two even
smaller unknotted crumples, and so on (for illustration of
the hierarchy of folds, see Fig. S1 in the Supporting Mate-
rial). The pincers-like shape is sufficiently anisotropic: theBiophysical Journal 107(10) 2361–2368
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ing slow relative motion.
The spectrum of normal relaxation modes of the elastic
network of the pincers-like FG is shown in Fig. 2 a, and
the dynamic trajectories projected on the slowest relaxation
modes are plotted in Fig. 2 b. As previously observed by
Avetisov et al. (32), one can see that the dynamic behavior
of a hierarchically folded FG is very similar to that of an
MM. Indeed, the spectrum of the normal relaxation mode
of the FG has a large spectral gap separating the smallest
nonzero eigenvalue (the slowest mode), l0, from the rest
of the spectrum ( l1=l0z7, l2=l1z1 ). In contrast, a
wide spectral gap between rigid and soft relaxation modes
has not appeared in ordinary (knotted) globules obtained,
for example, by switching off the clustering potential
and equilibrating the chain conformation (see Fig. 2 a).
Moreover, after perturbation, the FG quickly relaxes to a
low-dimensional manifold, M (one-dimensional in our pin-
cers-like sample), with a large attracting basin, and then
slowly approaches equilibrium, not escaping M. These dis-
tinguishing features, i.e., the spectral gap and the slow dy-
namics along a well-defined pass, unambiguously point to
MM behavior.
The MM behavior is more obvious in considerably aniso-
tropic FGs formed by large crumples capable of performing
slow relative motion. The fast degrees of freedom of the pin-
cers-like FG (Fig. 2 b, du23 axis), which are related to mo-
tions in the bulk of pincers, are almost 102 times more
rigid than the slowest degrees of freedom (Fig. 2 b, du12
and du13 axes), which are related to the soft links (mainly
located at the junction of the pincers). Assuming that the
junction may contain active sites, we tested FG dynamics
by stimulating excitation of a few nodes located only atBiophysical Journal 107(10) 2361–2368the junction of the pincers and found the same dynamic
behavior (the geometry of active sites is presented in
Fig. S2; the dynamic trajectories and typical duration of
the fast and slow relaxation stages are shown in Fig. S3).
Thus, the hierarchically folded unknotted FG can simul-
taneously realize two principal structural archetypes that
are crucially important to an MM: rather rigid domains
capable of performing quasimechanical motions and a set
of relatively soft bonds capable of translating energy excita-
tion to the working part.
We estimated how often the desired FGs are formed in our
scenarios of chain collapse. Having started from randomly
chosen coil-like conformations, we realized 100 runs using
the clustering potential and successfully obtained 12 FG
samples, thus giving a rough estimation of the yield, ~0.1.
It would be low for fabrication of biological MMs by the
cell translation machinery. However, for abiogenically
folded MMs, the yield ~0.1 is not exponentially vanishing
and seems physically reasonable.
In addition, we carried out a search of MMs among FG
samples designed using fast collapse in the compressing field
(seeMethods). By testing the regimes satisfying the relations
between the length of chain, N, and the gradient, k, of the
compressing field required for formation of an unknotted hi-
erarchy of folds (see Appendix B) and varying the network
parameters, M and Rnet, we have found that in general, a
compact globular-like structure is needed (i.e., the elastic
network should not have too many single-connected nodes),
but at the same time, the structure should have rather large
structural domains. Typical FG samples with MM character-
istics were obtained for N ¼ 400, k ¼ 0:5, M ¼ 64, and
Rnet ¼ 3. The eigenvalue spectrum of normal relaxation
modes and the dynamic trajectories of such FG-samples areFIGURE 2 (a) Eigenvalue spectrum of relaxa-
tion modes of the pincers-like FG normalized to
the smallest nonzero eigenvalue, l0. A large spec-
tral gap is clearly visible when compared with the
typical relaxation spectrum of a knotted ordinary
globule. (b) Three-dimensional presentation of dy-
namic trajectories of the FG. The axes du12 and du13
correspond to the two slowest degrees of freedom.
(Inset) Projection of the dynamic trajectories on
the plane du23 (a fast mode) versus du12 (the slowest
mode). To see this figure in color, go online.
Fractal Globules As Molecular Machines 2365shown in Fig. 3 (compare to Fig. 2). As in the first scenario,
sharply crumpled FGs demonstrate a characteristic gap be-
tween the slowest and fast relaxation modes. Respectively,
the FG quickly relaxes to a low-dimensional manifold (also
one-dimensional, in our illustration) with a large attracting
basin, and then slowly approaches equilibrium, not escaping
a well-defined pass. Similar to the pincers-like FG demon-
strated above, the fast degree of freedom (Fig. 3, du23 axis)
is almost 104 times more rigid than the slowest ones
(Fig. 3, du12 and du13 axes), thus suggesting the slow move-
ments of sufficiently large structural domains. Again, having
started from randomly chosen coil-like conformations, we
have realized 100 runs with the favorable parameters and
have obtained eight successful FG samples, thus giving a
rough estimation of the yield: a little less than 0.1.CONCLUSION
We studied the over-damped dynamics of elastic networks
constructed by the contact maps of hierarchically folded un-
knotted FGs formed by relatively short polymer chains. We
found that despite the fact that such globules do not have
motifs like a -helixes and b -sheets, their dynamics are
very similar to those of protein MMs. Although this obser-
vation is based only on computer simulations, it definitely
draws attention to synthetic FGs as candidates for artificial
MMs. The mechanism that allows us to consider FGs as
generic MMs has to do with the sequential energy transfer
through a hierarchy of folds, from small crumples to the
largest ones, producing deformations on the scale of the
whole globule. The effect of a quasimechanical motion is
most obvious in FGs formed by a few large crumples with
essentially anisotropic shape.
The FG samples with MM behavior do not perform spe-
cific functions as the proteins do. In fact, our FGs demon-strate only the ability to convert energy perturbations into
slowmotion of large structural domains along a well-defined
pass. This ability, however, bears a resemblance to that of a
vehicle engine, in principle allowing us to consider FGs as
prototypes of the key element of artificial MMs, able to be
manipulated by single molecules in a controlled manner.
The auxiliary potentials we applied in our simulations
still do not specify an actual construction of FGs. However,
they may indicate particular ways for MM-FG producing,
apparently, in the fast chain collapse constrained by a hier-
archy of interactions acting in a broad range of scales.
Another possibility, inspired by molecular genetics, deals
with designing heteropolymer (block-copolymer) sequences
that would release the hierarchical folding.
The ability of FGs to act as MMs definitely offers to our
knowledge a new way of looking at the eternal problem of
the origin of life, related to overcoming the error threshold
in producing and selecting complex molecular structures
during the prebiotic evolution (1,2,4,6,7). The observations
made in this study permit us to put forward a conjecture
about the possibility that primary MMs are a sort of FG
naturally formed under prebiotic conditions. Although the
FG-MMs do not dominate among spontaneously folded
FGs, a part of FG-MMs is not exponentially vanishing. It
is highly attractive that the selective machinery discussed
in previous works (14,33,34) is not required to attain the pri-
mary MMs made by prebiotic polymers. The diversity of
primary MM-FGs may be concerned mainly with the at-
tracting manifold, M, in which the MM-FG action is per-
formed. This allows for functional variability without
altering the structural archetype.
Certainly, the idea that FGs could be the prebiotic MMs
will require experimental verification. However, the above
results provide a rather optimistic view of the evolutionary
scenarios in which primary MMs themselves are taken outFIGURE 3 Relaxation spectra (a) and dynamics
(b) of FG samples constructed via a fast chain
collapse in a linear compressing field from a good
solvent regime. Data are shown in the same form
as in Fig. 2. To see this figure in color, go online.
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of biological evolution is associated with the spontaneous
appearance of complex functional systems of primary artifi-
cial MM-FGs capable of performing collective reproduction
and behaving autonomously, which then are replaced in evo-
lution by more effective biomolecular systems.APPENDIX A: MODELING THE CLUSTERING
POTENTIAL
To elucidate the construction of the clustering potential used in simulations
of FG samples, it is instructive to describe the typical structure of FG con-
formations, focusing on their hierarchical topology. For this purpose, each
primary-level (0-level) fold can be parameterized by a sequence of indices
fa1; a2;.; agmaxg specifying to which set of folds (e.g., to which particular
first-level fold embedded into a particular second-level fold, etc.) the pri-
mary fold belongs. Such indexing is encoded by a unique path on a tree-
like graph (a Cayley tree) from the root to a certain leaf, thus fixing the
unique hierarchy of folds of different sequentially embedded scales (see
Fig. 4 a and Fig. S1). Each subtree with the root vertex belonging to level
g corresponds to a particular g -level fold, and downward branches define
the descending ðg 1Þ -level folds embedded into the g -level fold. For a
self-similar hierarchy of folds, as shown in Fig. 4 a, one can assume this
embedding to be level-independent, e.g., each g -level fold consists of pg
primary folds, where p is the branching index. Certainly, the regularity of
the hierarchy of folds may seem an oversimplification, yet it is much
more relevant to the FG hierarchical topology than is the representation
without any reference to the hierarchy of folds. Furthermore, as we shall
see below, the action of the clustering potential is still valid for an irregular
hierarchy of folds, too.
In such a representation, each terminal leaf at a Cayley tree boundary is
interpreted as a coordinate of the primary fold in the hierarchically folded
conformations. Accordingly, the Cayley-tree boundary can be interpreted
as a space of states of primary folds. Thus, one can describe hierarchically
folded conformations and probabilities of their formation by the trajec-
tories of a random walk on the boundary of a Cayley tree with a special
transition matrix. Each s -step walk is associated with a particular confor-
mation of a subchain consisting of sþ 1 elementary units (primary folds,
in our case).
Now, let fiðsÞ be the probability of finding a walker in an i -leaf ( i -state)
after s steps ð0%s%N  1Þ if, at s ¼ 0, it was at i0. The physical meaning
of the transition function fiðsÞ is clear; it is the measure of all hierarchically
folded conformations of a subchain of length s whose ends are in states i0
and i, respectively. For instance, fi¼0ðs ¼ N  1Þ is a statistical weight of all
hierarchically folded conformations of a chain of length gN (where g is
a typical scale of a primary fold) with ends in one and the same primaryBiophysical Journal 107(10) 2361–2368fold. Since the random walk is assumed to be a homogeneous Markov pro-











fiðsÞ; (3)over the states. In our case, any transition on the boundary of the Cayleywith the initial condition fiðs ¼ 0Þ ¼ di;i0 , where wðijjÞ ¼ wðjjiÞ are the el-
ements of a transition matrix, W, specifying the transition rates for jumps
tree is determined only by the root vertex of the minimal subtree in which
the transition occurs. Thus, the probability of escape from a fold is spec-
ified only by the scale of the fold: the larger the fold, the less the proba-
bility of escaping it. One can easily see that the transition rates obey a
strong triangular inequality, i.e., they depend on ultrametric distances be-
tween the states. Therefore, a random walk on the boundary of the Cayley
tree is the ultrametric random walk (see, for example,Ogielski and Stein
(35) and Avetisov et al. (36), and references therein). It is noteworthy
that the ultrametric distances that control fold formation are inherently
discrete. In fact, the ultrametric space of the states implicitly suggests
the discrete hierarchy of constraints that determine the system configura-
tions. Accordingly, the transition matrix, W, of an ultrametric random
walk has a typical block-hierarchical structure with blocks of identical ma-
trix elements, each denoting the probability of leaving the fold of partic-
ular scope (see Fig. 4 b for illustration of a block-hierarchical matrix).
Such a matrix has the discrete spectrum of eigenvalues related to a set
of fold’s scales. In a regular tree of folds, all folds of a particular level
have one and the same scale, so the eigenvalue spectrum is highly degen-
erated. If such folds differ in scale, e.g., as in an irregular tree of folds, the
eigenvalue spectrum is less degenerated but is still discrete for a hierarchy
of crumples formed by not very long chains. Since the non-zero eigen-
values of transition matrix W are all negative, the hierarchy of folds
described by the master equation (Eq. 3) corresponds to a well-defined
ground state specified by a discrete set of order parameters for a fold of
a particular scale.
The hierarchy of constraints favoring the formation of a hierarchy of
folds can be defined in a way that realizes the block-hierarchical interac-
tions between the chain units. The clustering potential described in the
Methods section induces such a hierarchy of constraints. In Fig. 5, we
show the adjacency matrices of hierarchically folded FG samples obtained
by means of the clustering potential. Despite how the adjacency matrices of
individual FG-samples do not have a visible block-hierarchical structure
(Fig. 5 a), the cumulative adjacency matrix obtained by averaging over
the ensemble of FG samples clearly highlights a block-hierarchical form
(though somewhat noisy) related to the hierarchy of crumples (Fig. 5 b).
Therefore, the clustering potential ensures the dominance of hierarchically
folded states even for rather short chains.FIGURE 4 (a) Representation of a regularly
branching hierarchy of folds by a Cayley tree
(branching index, p ¼ 2 ). The boundary of the
Cayley tree is a space of states for ground (0-level)
folds in hierarchically folded conformations: each
particular leaf specifies a state (B) for the ground
folds in a hierarchically folded chain, and each
particular path (AB) on the tree corresponds to a
particular set of folds embedded one into another.
(b) Block-hierarchical structure ðp ¼ 2Þ of transi-
tion matrix W that defines an ultrametric random
walk on the boundary of the Cayley tree. The ele-
ments of W set the transition rates between the
states enumerated on the boundary of the Cayley
tree from left to right.
FIGURE 5 (a) Typical adjacency matrix of an FG sample simulated by
means of the clustering potential: white and black signify 1 and 0, respec-
tively. (b) Block-hierarchical adjacency matrix obtained by averaging the
adjacency matrices of 100 FG-samples simulated in the same way: colors
from white to black signify values from 1 to 0.
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The choice of parameters was made according to a simple mean-field anal-
ysis of a phase transition, similar to the method employed by Lifshitz et al.
(17). The polymer-chain free energy in an external field Uext can be esti-
mated as F ¼ Fent þ Fint, where Fent is the entropic free energy part,
whereas the interaction part, Fint, is written in a virial expansion:
Fint ¼ ðBr2 þ Cr3ÞV, where B ¼ ðT  qÞ=q<0 and C are the second and
third virial coefficients and V is the globule volume. The entropic part,
Fent, of an ideal N -link polymer collapsed in a spherically symmetric linear
funnel potential, UextðriÞ ¼ kri, in 3D can be estimated by finding the
ground state of a diffusion equation:
vGðr;NÞ
vt
¼ DDGðr;NÞ þ krGðr;NÞ; (4)
where Gðr;NÞ is the Green function, D is the diffusion coefficient, and the
boundary conditions assumed are Gðr ¼ 0;NÞ ¼ Gðr/N;NÞ ¼ 0.
Writing the solution of Eq. 4 in the limit r/N in spherical coordinates
and neglecting the contribution from the gradient term, vGðr;NÞ=vr, we
end up with the Airy equation, which has the eigenvalue spectrum
lk ¼ jzkjD1=3k2=3, where zk ðk ¼ 0; 1;.Þ denote zeros of the Airy func-
tion, AiðzÞ ¼ p1 RN
0
sinðz3t þ ztÞdt, for z ¼ ðl krÞ=ðD1=3k2=3Þ. Thus,
the ground-state contribution to Fent in the field UextðriÞ ¼ kri in the ther-
modynamic limit can be estimated as
Fent ¼ Nl0 ¼ Njz0jD1=3k2=3 ðz0z 2:338Þ: (5)
In Lifshitz et al. (17), the entropic part of the FG free energy has been
estimated as Fent ¼ N=g ( g is defined above). Equating this estimation
to Eq. 5, we get k  N3=2e =ða9D1=2r3Þ. Collapsing a chain in the linear fun-
nel potential and keeping the relation between parameters, one reproduces
the FG formation.SUPPORTING MATERIAL
Three figures are available at http://www.biophysj.org/biophysj/
supplemental/S0006-3495(14)01070-4.
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